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A CLASS OF PLANE SELF-SIMILAR MOTIONS OF A NON-NEWIONIAN FLUID
WITH NONLINEAR THERMOPHYSICAL PROPERTIES

0. N. Shablovskii UDC 532.517:536.24

The plane self-similar solution of a set of complete equations for the dynamics
of a nonlinearly viscous fluid and the energy equation is obtained analytically
with the temperature dependence of the transfer coefficients taken into account.

1. INITIAL EQUATIONS AND NEW INDEPENDENT VARIABLES

We take the generalized Z. P. Shul'man model of a nonlinearly viscoplastic incompressi-
ble fluid as a basis and we write the equations of two-dimensional plane nonstationary mo-
tion, the continuity and heat balance equations [1]:

Uy + (plp + 12— Tyy/p)x + (W0 — T1e/p)y =0, - (1)

Uy + (40— T1a/p)x + (P/0 + U — Te/p)y = O, (2)

U, + v, =0, p==const, (3)

00, (Ts + Ty + 0Ty) = (AT + (ATy)y + A%B, (4)
Ty = 2BUy, T = Ty = By + Ux),  Taa = 2Buy, (3

1 1 1 1 n

—_ _— —— -_— _——1
=2l 20+, +)1?, B=[w"4 " +p"I"A"
p=pn(M), =i, cp=cp(T)

We here assume p differentiable with respect to x, y, t and u, v, T twice differentiable with
respect to x, y and once with respect to t. All these derivatives as well as the second
mixed derivatives of the functions p, u, v, T in the arguments x, y, t are considered con-
tinuous in the space~time domain under consideration.

Equation (2) can be satisfied by taking

Tia P—Te

v=—§ w———=" v =g — Mg

We substitute the expression p from the last formula into (1), regroup the terms therein by
using the equality Etx = Ext and satisfy the equation obtained as follows
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i+ 8 =-—Dy, w—1P—n, -+ (t—14)lp=Cy ww—r1,/o=D,—C,.

Here £, n, C, D are auxiliary unknown functions of the arguments x, y, t. We now use the
notation E, =¢=—u—D, §=—v, E=V=a+ 0>+ n,— 1,/0, p/p =5+ E(0), where E(t) is
arbitrary, and we eliminate the function £(x, vy, t) from the number of dependent  variables
by using the condition of equality of the mixed second-order derivatives:

U=y — U= ‘Py, Py = Py

Taking account of the initial assumption about the smoothness and differentiability of
the functions characterizing the flow, we conclude that only two of these three equations are
independent while the third is a result of their differentiation. We later consider the first

two of these equations.

Using the equation di=qdi—uvdy+ydf, we perform the mutually one-to-one passage from the
X, ¥ plane to the plane of the new independent variables x, £ by the formula

g x t

e R . i di — \ ki dt = const, ﬂ(’“—’g—)=—u7—e0
: (g Xo5 tO) o ifo [u D(x’ y)
So Yo 5
or equivalently
y+ ‘ ———~d§ = yolx, §), ©=0, E == const, (6)
Joo(x &)

=

v
®

where Xo, £o, to are the initial values of the appropriate arguments while yo(x, t) is con-
nected with the flow parameters for £ = £, by the relations
% .. ¥

Yo _ %
go’ 6t v

Cx v

%o

The differentiation operations are transformed as follows:

3 0 3 0 o o 9
8 0 0 0,0 0 9 4,09
w o Ym w TaE w & 3

x=x, t=1". ¢))

After such a transformation, we obtain a system of seven equations for the functions
p, uy v, T, n, C, D of the arguments x, £, t in place of (1)~(5). We omit writing these
equations in the new variables.

The condition v ¢ 0 for mutual one-to-oneness indicates that flows for which the fluid
velocity component along the OY axis retains a constant sign for t > to can be considered
on the basis of this transformation.

The hydrodynamic meaning of the function £(x, y, t) is that the nonpenetration condition

is satisfied automatically along the line £ = Eo=const while the adhesion condition is satis-
fied for Dg(x, £o, t) = 0.

2. SELF-SIMILAR VERSION OF THE TRANSFORMED MOTION EQUATIONS

We assume the fluid yield point constant TeZconst and its thermophysical parameters de-
pendent on the temperature according to a power law
1 [

cp=10T7% p= MOT—”‘_, A=AT"™ , py3%0, co e Ao — comst,
TelT’, T (8)
We furthermore assume a self-similar flow characterized by the dependences
w=u(p), v=o(@ B), n=mua( ), T=(=L01 0@ p), ©)
=+ Fle ), C=(@+1)G( B), n=0+) H(z B)
a:_l‘—?%’ p_‘t_f_l? [=const, I=£0. (10)
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The relationship between the self-similar variables a, B, Y is obtained by using (6):

y ‘dp e —const Ye_ @
v +7,(@), B, =const, : (11)
v t+ 2 J v(a, B) Ve (@) By do v s,

B

Equations (1)-(5) transformed to the independent variables x, £, t have the following
form in the self-similar case (9)-(10):
Vg + QU = U@, YUg— QUy — Pup = vig,

(12)
Uy + Qup = vtg, pv{u+ Hg) = B (vg + s — vig),

u? — 0 + oGy — iéwﬁzHa + @Hp,
p

oHy + F —aF, -+ F (p—B) = Gu + 9Gp,

1_—

’ 1 e
B [0 — aB, + (b — B) O + 1 (B + §0p) — *Bg] =B (B + 9Bp)a+ Ra (—u— - 1) B (8 + ¢0p) + 2o (0 +

co08

¥

1

i
+ 9B + o (—— —

n
My

1 1 Con h
] . 2 ————-,7;44
1) (0, + ©05) 985 = Ao (—1— _ 1) (0B5)* + M08 (000)p + 8 % (ugd ™) ™

1

q>=vI",;;z-1, Y=mn+v"+ H, + (pHB—f-—Q—-vaB, A=Aa, B)(t+ 1),
Y _

B=B(a, B) (¢t + 1.

Therefore, one self-similar version is indicated here for the complete equations of mo-
tion and energy (1)-(5). A multilateral analysis of the self-similar motion regimes in
boundary layers of rheologically complex fluids is given in [1]. The results of mathematical
investigations of problems of nonlinearly viscous media motion are elucidated in [2].

3. EXAMPLE OF SELF-SIMILAR MOTION OF A NONLINEAR VISCOUS FLUID

We use (12) to describe the flow of a nonlinearly viscous fluid (1o = 0) by taking
the ratio of the nonlinearity parameters (flow index) n/m

2 and considering 2u, =

= —1:
T =0, Cp Mo Ay —const,
TeiT', ™.

(13)
We construct the solution of (12) for a fluid possessing the properties (13) in the form
of the functional series

cp=20CoTY, w=uT"? A=7T"3

u = ug (@) ﬁb, 0 = U,P? + U544 () ﬁ‘s""l, v, =const, o, qe 0, v,=0,

(14)
= 2B + 7y (a) B* + 7 (@) B°, 0= 0,8 + 0,_, (2) p*', 6, = const, 6; 50,
F=Fo @ P, G=Gy (@p™, H=Hy (@8
8§=3,4,5 ..., co.

Summation here is over the repeated subscript §.

In these expansions the v,;, 6; are arbi-
trary nonzero constants, and 7.(a) is an arbitrary function.

The coefficients of the series
are calculated by using the linear recursion relations

Li3=Ug, F2=‘_—_5—— U2) G2=3F2—aF27 9.220’ . (15)
- . ‘ 2 2 10
=0, v,=0,(2F0, —uy), pH:=3b_,(Fy, —u,), b_,01 = ps vz V10
The next step in the calculations is
1t = 60,0, - Sui — 6F, 0,15, Us = 6F403 — 20,14, (16)

4v,b_y Fy = 2G,0,0 — 8byvi — é—)— (6o (502 Fy — 604u5)],,
A ,

G3 = 2H202 + 4F3—"QF3 + 2F2 (J‘tz + TU% b__1+H2>,
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3pvyHl 5 = 6byv, (Favy — ttg) + 40,b_y (30,F5 — 2uy),

0ty = 204 — s — o, [Ha L bt + 2, (0F 0, — ) ] ,
p /

b= 20+ 2 24 18 o0, 505 = _apreze, V0.
%y 0, 3 7

: Y
The quantities b_,, b, are determined by the expansion B = ba_“Ba““.

The general form of the formulas to compute the coefficients of the series (14) is

i‘k+2 = (R + 3) U0p+; — 3vgls (B — 1) Fr_y + Ry (@), an
Opia = (B —1) (k—2) U3 Fp_y — 0y (k — 2) s, + Lty (@),
A6, éh= Qx (@), (18)
plk—1a
=k 0t ge TNy (@), Fr=—"———"—" g, M, (a), 19)
Gy fro1® -+ Gu-1 + Ny (@), Fi 2+ 1) b, 8roa +r + My ()
Up(k— 1) Tpyy = Pryy (“)"O‘i)hﬂ (B4 2) Upye, k=3 (20)

Expansion of the right sides in (17)-(20) is awkward, and not presented here. We just note
that finding the coefficient Hk-, at each step is an intermediate link in the calculation,
and after Hk-, is eliminated, algebraic expressions Rk+2, Lk+1s Qk, Nk—1s Mks Pk+1s kK = 3
are obtained that are comprised of already known coefficients found in the previous stages

of the calculations. The coefficients Gg~.i1, Fx are sought from first order ordinary differ-
ential equations and contain one arbitrary constant of integration gk-i, fx. The coeffi-
cients mk4i(a) are determined by the finite algebraic expressions (20) in which the arbitrary
function m,(a) enters (it was takenm equal to a constant w,Zconst in the calculations per-
formed). The integrals of the linear differential equations (17) contain arbitrary constants
that we denote by ag+4z, bx+:, respectively. According to (18), for each coefficient 6k-; we
have two constants of integration my_;, nk-.. Examination of (15)-(17) shows that us, v
contain the arbitrary constants qs, b4, f2, while the coefficients ug4i, Vk+2 contain four
arbitrary constants ag+4i, bk+as fks 8k-1:s kK > 3. Therefore, the fluid velocity, pressure
and temperature are represented by the dependences

u=(v3a)B* + Usys () B2 & a4p°, (21)
v =00+ Vs (@) 56_“ + b6+1ﬁd+l, 0,50, v£0,

L E(t)+ 2B+ e (@) B

(¢4 1) T =0, + Dy (@) B -+ ame 8"+ no ", 6,20, 8>3,
@ @ a i .
Unsa = [ sty Viy = | Oppder, @y = g H 0,4 ] da, k>3.
0 0 0 0
The functions Uk+42, Vk+i1s ®k in this solution are homogeneous polynomials of the argument
a, where Ug+4z and Vk4: contain the integration constants fk, gk-. that are in (19). The
polynomials Uk+:, Fx are of degree 2k — 3, while the polynomials Vi4,, ¢k, "k are of degree
2k — 4, k > 3.

Therefore, the series (21) characterize the self-similar hydrodynamic and thermal fields
in a nonlinearly viscous fluid and determine the fluid velocity components to the accuracy
of four arbitrary functions of the argument B, and the temperature to the accuracy of two
arbitrary functions of the argument B.

In this class of solutions the influence of the convective terms of the heat balance
equation appears in the computation of the temperature, starting with the coefficient 8¢ (a),
while the influence of the viscous energy dissipation starts with 6,(a).
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4. PROBLEM OF NONLINEARLY VISCOUS FLUID SPREADING THROUGH

A DOMAIN WITH MOVING BOUNDARIES [3]

Let us give a physical interpretation of the solution found. We take the domain [0,
ay; Bos, Bi(a)] which corresponds, in the plane of the self-similar variables a, y, to domain
[0, a1; Yo(a), yi(a)], where 0 < a; <1, 0 < Bo < By < 1.

Let us consider the problem of fluid motion in a domain with permeable moving boundar-
ies, namely the case when satisfaction of the given conditions for the temperature and the
velocity vector components on the two opposite boundaries o = 0, ¢ = a, is assured by the
selection of the arbitrary functions contained in the solution (21). The two other
boundaries vy = yo(a), ¥ = vi(a) are determined from the adhesion conditions, and the thermal
hydrodynamic conditions thereon are dictated by the structure of the solution obtained.

The transformation of the independent variables (6) is realized for v = 0. The possi-
bility of satisfying the adhesion condition on lines perpendicular to the O0X axis is thereby
eliminated. There is the same constraint in the self-similar case (11) relative to the
coordinate a.

Let us consider a nonisothermal flow for which flow slip relative to the wall exists on
the boundaries x = x5, i = 0, 1 [1, 2], We write the slip condition and the temperature
jump in a form analogous to the corresponding conditions established in kinetic gas theory
[(4]:

x=gu=u, U=1{0,+ o;Ty, T=TL+TJV—M%’i=O’L (22)

We here consider the fixed wall x, = O impermeable: u° = 0, and the fluid flows through
the moving diaphragm x = x,3Za,(t + 7?), a;Zconst at the velocity u® =« «,; we assume the
wall and diaphragm temperatures Ty;, i = 0, 1 known.

In our self-similar case the conditions (22) have the samg_mpdg Qf writing:
Q=0 ‘v =5 (U + @Up) — ;00 - (23)
8 — 0L = 7, (0, + 90g) + x0vp, 0 =055, =0, I,
. a=ay,=0:u=0, a=aﬁu=¢@x (24)
where 9;(8) are given analytic functioms.

We do not here consider the question of an experimental determination of the dependences
of the slip and temperature jump conditions on the flow parameters. We give these coeffi-
cients a priori so that they would possess an even dependence on the slip rate [2] and
would satisfy the demands of self-similarity and of the boundary conditions (23) belonging
to the class of solutions (21) for E(t)z0. The designated constraints will be satisfied, in
particular, if we take

G= T Gop™ + Lt %o = T~ (Tarp™ + Tuitp™), (25)
0; = T2 (@g:p* + @10°p7%), % = Yoi + Xui0°P™%
where the quantities ., 7,5 ©q % £=0, 1, r=0, 1 are constants.

Conditions (23)-(25) permit determination of the arbitrary functions contained in the
solution (21). The condition of no flow at @ = 0 yields ax = 0, k = 3. Substituting the
expansion (21) into conmdition (23) and grouping terms with identical powers of B we obtain
linear algebraic equations for the coefficients 6,, f,, m, in the first stage of the cal-
culations, where 8, # 0 for v, # 0; we have four linear algebraic equations for the quan-
tities g2, fs, mis, n2 in the second stage. Writing the mentioned equations and solving them
are easily reproduced by assuming the formulas presented above for the expansion coefficients.
For k=3 a recursion sequence is obtained from the systems of equations for the unknown
constants gy, fk+i, Mk+i, Dk (the writing in general form is omitted here). All the equations
obtained are linear and have a unique solution for v, # 0.

By satisfying the four conditions (23) in this manner, we see that the slip rate
v(0, B) = vaB® + b5+185+1 remains an arbitrary function related to the flow velocity u®! =
u(ay, B) in a single-valued manner. The relation between the expansion coefficients for
these functions in the argument B is easily traced by using (15)-¢17).
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We assume in the investigation of the convergence of the series (21) that the functioms
bs+:8812, 6(1)(8) i =0, 1 are analytic in the argument B¢(0, 1). It can then be shown by
the method of the majorant [5] that the fluid temperature on the wall T'°/) = (6, +
ng_1B857*) (t + 1®)7! is also an analytic function in B.

Each of the series
U2, Versf®™', @ am, 8" : (26)
satisfies the inequalities
Wit () < epsoy Viers @) < tptrs [@n (@) < ep [amy | ey,
ICa<<al <1 k:>3

on the basis of the properties of homogeneous polynomials [6], and a majorizing number series
€&~ 18 ~! can be constructed that converges for B¢(0, 1) and there exists lun a)  =a’>0.

This means that the series (26) converge uniformly for aci0, ), B€(0, 1), where 0 <a; <
a3<a<l.

We give the adhesion conditions on the other two permeable sections of the trapezoidal
domain boundary [0, a;; Bos Bi), which permit finding the dependences

B jic) , .
B* , -~ v By

dB;

—d%—zv(oc, Bi) Fp (2 Bi)<<oo, B;(0) =B, BY5=PY. an

Here P,€(0, 1) is a previously assigned number which denotes the lower boundary of the allow-
able values of the argument Bc(f,, 1).

The solution of (27) should be examined for values of a€[0, ay), 0<<o;<Ca;<Cl, for which
0< P, <Psj@)<<l, Po(2)=~=B, (). Such a number a, exists since the solution of the problem is
analytic functioms.

In order to assure satisfaction of the condition of mutual one-to-oneness v ¥ 0 of the
initial transformation of the independent variables, and the arbitrary function v(0, B) =
vaB? + b5+166+1 (the fluid slip rate over a fixed wall) must be given sign-definite for
BE[B,, 1). Then from the continuity of the function v(a, B) there follows the existence of
the value «€[0, ), 0<<a, <o, <1, for which v(a, B) == 0. As @, should be taken the least
of the numbers a2, as, Q4. :

Since the interpretation of the solution with respect to the boundary conditions is re-
alized by an inverse method for y = (a), j =0, 1, then the flow rate and temperature
regime on these sections of the boundary are regulated by the structure of the solution (21)
and are determined by the formulas

1

On (@ B) = [(* + 0* —om—y0) @2+ T Jog,, (I T;=0(a By.

The fluid pressure in this class of solutions is found to the accuracy of an arbitrary co-
efficient m, in the expansion (14).

NOTATION

X, y, Cartesian coordinates; t, time; o, B, Y, self-similar variables; u, v, projections
of the velocity vector on the coordinate axes; p, pressure; T, temperature; p, fluid density:
u, effective viscosity coefficient; A, heat-conduction coefficient; ¢ = pcp, specific heat
of the fluid; £, new independent variable; n, D, C, auxiliary unknown functions; £, w, T,

X, slip and temperature jump coefficients. Subscripts: the independent variables as sub-
scripts are partial differentiation; the dot above a function symbol is ordinary differenti-
ation; 8 is the summation subscript.
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CONVECTIVE HEATING OF A HALF-SPACE (NONSYMMETRIC CASE)

L. N. Germanovich and I. D. Kill' ' UDC 536.2

An exact solution of the heat-conduction problem for a half-space is obtained in
a form convenient for calculations for an important case of a nonsymmetric tem-
perature distribution of a medium bounding a half-space.

The solution of the heat-conduction boundary-value problem

%:AT(r}O, 0< ¢ 2, 20, £>0), Tlizo =0,
[0}

_ 1
oar _ T—wﬂ—li)i(ﬂcmm+rsmm) (z=0, 1,=0)
oz ( 48 ) &l " " , e
written in dimensionless coordinates [1] is sought in the form
T= 2 [t (7, 2, £) cosng + v, (r, 2, bt) sinng] (vo(r, 2, {) = 0). (2)
n=0
Substituting (2) into (1) and following [1], we obtain
¢ t
un=ﬁn51n(r’ 1") fo(Z, T)dT’ vn=7nj In(r’ T) fo(z: “l:')d’l:', (3)
0 0 .
In=2 f AP+ T (Ar) dA,
b
where :
h 22 242t
fo(z ) = —— exp | — — | — h%exp (At + h2) erf o
o (2 7) T p " p(h*v + he) eric Ve (4)
and Jp(x) is the Bessel function. Using the technique of summation over gamma functions
T(x) [2] and the integral representation of Laguerre polynomials LE(x) [3], we find
; ,
T k_ﬁ_ +—k)
(0 =L ey g B 2L ), = IL
my 2 ot (n+ k) 4
1
= ) &)
Y 1+
The case n = 0 corresponds to the axisymmetric problem (see [1]). For n = 2p (p = 1,
2, +..) we use the series for the generating function of the Laguerre polynomials [3]. We

obtain
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